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Abstract
We prove that a contact metric manifold M = (M;η, ξ,ϕ, g) with η-parallel tensor h is either a K-contact space
or a (k,µ)-space, where h denotes, up to a scaling factor, the Lie derivative of the structure tensor ϕ in the direction
of the characteristic vector ξ . In the latter case, its associated CR-structure is in particular integrable.
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1. Introduction
Contact metric manifolds can be considered as the odd-dimensional analogues of (almost) Kähler
manifolds. In both cases, two different structures coexist and influence one another: a Riemannian one
and a contact or complex one. The interaction between the entwined geometries makes for a rich and
highly interesting field of research.
The links between contact geometry and complex geometry are especially strong for Sasakian mani-
folds. Indeed, one can associate to a Sasakian manifold in a natural way a Kähler manifold of dimension
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ture. Also, when looking at the base spaces of the local fiberings of a Sasakian manifold by the integral
curves of the characteristic vector field, one obtains Kähler spaces of dimension one lower.
Also for general contact metric spaces, the analogy is fruitful. The CR-structure associated to the
contact structure has received broader attention (see [2] for references). The condition for this structure
to be integrable, for instance, is equivalent to the structure tensor ϕ being η-parallel, i.e.,
g
(
(∇Xϕ)Y,Z
)= 0
for all vector fields X,Y,Z orthogonal to ξ .
Intuitively speaking, restricting tensors to the contact distribution D = ξ⊥ corresponds to looking at
the corresponding tensors in the complex setting. From this point of view, η-parallelity in the contact
case corresponds to parallelity in the complex case. For the previous example, the η-parallelity of ϕ
corresponds to the Kähler property ∇J = 0.
Another example is the notion of local ϕ-symmetry introduced by T. Takahashi [10] for Sasakian
manifolds: a Sasakian manifold is locally ϕ-symmetric if its curvature tensor is η-parallel:
g
(
(∇XR)(Y,Z)U,V
)= 0
for all vector fields X,Y,Z,U,V orthogonal to ξ . It is immediately related to local Hermitian symmetry
for the base spaces of local fiberings (see [2]). (For an extension of local ϕ-symmetry to the larger class
of contact metric manifolds, see [4] and the references therein.)
In the same spirit, we look in this paper at contact metric manifolds for which the tensor h = 12Lξϕ is
η-parallel, i.e.,
g
(
(∇Xh)Y,Z
)= 0
for all vector fields X,Y,Z orthogonal to ξ . The tensor h is in some sense a structure tensor of lesser
importance, since it is defined using the more fundamental tensors ξ and ϕ. Also, it has no analogue in the
complex setting. It is surprising therefore that the consequences of this condition on the geometry of the
contact metric manifold are so dramatic. Leaving K-contact manifolds aside (since for these space the
tensor h vanishes identically), we prove that contact metric spaces with η-parallel tensor h automatically
have integrable CR-structure (and so η-parallel tensor ϕ). Moreover, we show that these spaces are (k,µ)-
spaces. This class of spaces was introduced in [3] and studied in depth by the first author in [4] and [5]. In
particular, their local geometry is determined completely by the numbers k and µ. We note also that these
spaces are locally ϕ-symmetric contact metric spaces and therefore have η-parallel curvature tensor [4].
Conversely, any (k,µ)-space has η-parallel tensor h, as follows at once from the formulas in [3], for
example.
2. Preliminaries
We start by collecting some fundamental material about contact metric geometry. We refer to [1] and
[2] for further details.
A (2n + 1)-dimensional manifold M2n+1 is said to be a contact manifold if it admits a global 1-form
η such that η ∧ (dη)n = 0 everywhere. Given a contact form η, there exists a unique vector field ξ , the
characteristic vector field, which satisfies η(ξ) = 1 and dη(ξ,X) = 0 for any vector field X. It is well
E. Boeckx, J.T. Cho / Differential Geometry and its Applications 22 (2005) 275–285 277known that there exists an associated Riemannian metric g and a (1,1)-type tensor field ϕ such that
(1)η(X) = g(X, ξ), dη(X,Y ) = g(X,ϕY ), ϕ2X = −X + η(X)ξ,
where X and Y are vector fields on M . From (1), it follows that
(2)ϕξ = 0, η ◦ ϕ = 0, g(ϕX,ϕY ) = g(X,Y ) − η(X)η(Y ).
A Riemannian manifold M equipped with the structure tensors (η, ξ,ϕ, g) satisfying (1) is said to be a
contact Riemannian manifold. We denote it by M = (M;η, ξ,ϕ, g). Given a contact Riemannian mani-
fold M , we define a (1,1)-type tensor field h by h = 12Lξϕ, where L denotes Lie differentiation. Then
the tensor h is symmetric and satisfies
(3)hξ = 0, hϕ = −ϕh,
(4)∇Xξ = −ϕX − ϕhX,
(5) = ϕϕ − 2(h2 + ϕ2),
(6)∇ξh = ϕ − ϕ − ϕh2,
2(∇hXϕ)Y = −R(ξ,X)Y − ϕR(ξ,X)ϕY + ϕR(ξ,ϕX)Y − R(ξ,ϕX)ϕY
(7)+ 2g(X + hX,Y )ξ − 2η(Y )(X + hX).
In these formulas, ∇ is the Levi-Civita connection and R the Riemannian curvature tensor of M defined
by
R(X,Y )Z = ∇X(∇YZ) − ∇Y (∇XZ) − ∇[X,Y ]Z
for vector fields X,Y,Z on M . The tensor  = R(·, ξ)ξ is the Jacobi operator with respect to the charac-
teristic vector field ξ . The formulas (3)–(6) appear in [2]; formula (7) is proved in [9].
A contact Riemannian manifold for which ξ is a Killing vector field is called a K-contact Riemannian
manifold. It is easy to see that a contact Riemannian manifold is K-contact if and only if h = 0. For a
contact Riemannian manifold M one may define naturally an almost complex structure J on M × R:
J
(
X,f
d
dt
)
=
(
ϕX − f ξ, η(X) d
dt
)
where X is a vector field tangent to M , t the coordinate on R and f a function on M × R. If the almost
complex structure J is integrable, M is said to be normal or Sasakian. It is known that a contact metric
manifold M is normal if and only if M satisfies
[ϕ,ϕ] + 2dη ⊗ ξ = 0,
where [ϕ,ϕ] is the Nijenhuis torsion of ϕ. A Sasakian manifold is characterized by the condition
(8)(∇Xϕ)Y = g(X,Y )ξ − η(Y )X
for all vector fields X and Y on the manifold. It is also well known that a contact metric manifold M is
Sasakian if and only if
(9)R(X,Y )ξ = η(Y )X − η(X)Y
for all vector fields X and Y .
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pression (9) for a Sasakian manifold. A (k,µ)-space is a contact metric manifold for which the curvature
tensor R satisfies
(10)R(X,Y )ξ = (kI + µh)(η(Y )X − η(X)Y )
for all vector fields X and Y for some constants k and µ. It contains the Sasakian spaces as a subclass
(k = 1, h = 0). It is remarkable that the local geometry of the non-Sasakian (k,µ)-spaces is completely
determined by the simple condition (10). (See [5] where also a full local classification is given.)
For a contact Riemannian manifold M = (M;η, ξ,ϕ, g), the tangent space TpM of M at a point
p ∈ M can be decomposed as the direct sum TpM = Dp ⊕ {ξ}p , with Dp = {v ∈ TpM | η(v) = 0}. Then
D :p → Dp defines a 2n-dimensional distribution orthogonal to ξ , called the contact distribution. We
see that the restriction J = ϕ|D of ϕ to D defines an almost complex structure on D. Then the associated
almost CR-structure of the contact Riemannian manifold M is given by the holomorphic subbundle
H= {X − iJX | X ∈ D}
of the complexification T MC of the tangent bundle T M . Then we see that each fiber Hx , x ∈ M , is
of complex dimension n and H ∩ H¯ = {0}. Furthermore, we have CD =H ⊕ H¯. We say that the as-
sociated almost CR-structure is integrable if [H,H] ⊂H. Since dη(JX,JY ) = dη(X,Y ), we see that
[JX,JY ] − [X,Y ] ∈ D and [JX,Y ] + [X,JY ] ∈ D for X,Y ∈ D. Thus, the associated CR-structure is
integrable if and only if
[J,J ](X,Y ) = 0
for X,Y ∈ D, where [J,J ] is the Nijenhuis torsion of J . Taking (8) into account, we see that the as-
sociated CR-structure of a Sasakian manifold is integrable (cf. [8]). It is well known the associated
CR-structure of a three-dimensional contact Riemannian manifold is always integrable (cf. [11]). The
integrability condition for the associated CR-structure of a contact metric manifold can be expressed also
in terms of the tensor ϕ. Integrability is equivalent to
(11)(∇Xϕ)Y = g(X + hX,Y )ξ − η(Y )(X + hX)
for all vector fields X,Y on M (see [11, Proposition 2.1]). Since ∇ξϕ = 0 (cf. [2]), we see that the integra-
bility condition (11) is equivalent to the condition that the tensor ϕ is η-parallel, i.e., g((∇Xϕ)Y,Z) = 0
for all X,Y,Z orthogonal to ξ . We note that all (k,µ)-spaces have integrable CR-structure (see [3]).
For a given contact metric space, we say that h is η-parallel if and only if g((∇Xh)Y,Z) = 0 for all
vectors X, Y and Z orthogonal to ξ (cf. [6,7]). Suppose now that h is η-parallel. If we denote by XT the
component of X orthogonal to ξ , then we have for arbitrary vector fields X,Y,Z on M :
0 = g((∇XT h)Y T ,ZT )
= g((∇X−η(X)ξh)(Y − η(Y )ξ,Z − η(Z)ξ))
= g((∇Xh)Y,Z)− η(X)g((∇ξh)Y,Z)− η(Y )g((∇Xh)ξ,Z)
− η(Z)g((∇Xh)Y, ξ)+ η(X)η(Y )g((∇ξh)ξ,Z)+ η(Y )η(Z)g((∇Xh)ξ, ξ)
+ η(Z)η(X)g((∇ξh)Y, ξ)− η(X)η(Y )η(Z)g((∇ξh)ξ, ξ).
Using (3), (4) and (6), we have from the above equation
(12)(∇ h)Y = g((h − h2)ϕX,Y )ξ + η(Y )(h − h2)ϕX + η(X)(ϕY − h2ϕY − ϕlY )X
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folds for which the tensor h is η-parallel.
3. Contact metric manifolds with η-parallel h
The starting point of the investigation of contact metric manifolds with η-parallel tensor h is the
following fundamental result.
Lemma 1. Let (M2n+1;η, ξ,ϕ, g) be a contact metric space which is not K-contact and for which the
tensor h is η-parallel. Then h has precisely two constant eigenvalues λ = 0 and −λ on D.
Proof. Let U be the maximal open and dense subset of M such that on each connected component of U
the multiplicities of the eigenvalue functions of h are constant.
Let U1 be a connected component of U and let λ1, . . . , λt be the different eigenvalue functions of h
restricted to ξ⊥ on U1. Take a local unit vector field Xi such that h(Xi) = λiXi . Then for any vector Y
orthogonal to ξ , it holds
0 = g((∇Y h)Xi,Xi)= g(∇Y (hXi),Xi)− g(h(∇YXi),Xi)
= g(∇Y (λiXi),Xi)− g(∇YXi, hXi)
= Y (λi)g(Xi,Xi) + λig(∇YXi,Xi) − λig(∇YXi,Xi)
= Y (λi).
So, for all vectors Y orthogonal to ξ and all eigenvalue functions λi of h on U1, it holds Y (λi) = 0. Next
take a local unit vector field Y , orthogonal to ξ . Then it follows
0 = Y (ϕY (λi))− ϕY (Y (λi))= [Y,ϕY ](λi) = g(ξ, [Y,ϕY ])ξ(λi)
= η([Y,ϕY ])ξ(λi) = −2dη(Y,ϕY )ξ(λi) = −2g(Y,ϕ2Y )ξ(λi) = 2ξ(λi).
We conclude that the eigenvalue functions λi are all constant on U1. Since we suppose that the manifold
M is connected, it follows that the eigenvalues of h are constant along the whole manifold.
Denote by λi the constant eigenvalues of h on D and by D(λi) ⊂ D the corresponding eigenspaces
of h. We denote sections of D(λi) by Xi,Yi, . . . Since h is η-parallel, it holds for every vector X orthog-
onal to ξ :
0 = g((∇Xh)Xi,Xj)= (λi − λj )g(∇XXi,Xj).
So, for λi = λj and X orthogonal to ξ , ∇XXi has no component in D(λj) or, equivalently,
(13)∇XD(λi) ⊂ D(λi) ⊕ Rξ.
Furthermore, by (4),
g(∇XXi, ξ) = −g(∇Xξ,Xi) = (1 − λi)g(ϕX,Xi).
So, we have
∇XD(λi) ⊂ D(λi), for X orthogonal to ξ and X /∈ D(−λi).
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(14)[D(λi),D(λj )]⊂ D(λi) ⊕ D(λj), if λi + λj = 0,
(15)[D(λi),D(−λi)]⊂ D(λi) ⊕ D(−λi) ⊕ Rξ.
Since we suppose that the manifold M is not K-contact, there is an eigenvalue λ1 of h different
from zero. Then, obviously, also −λ1 is a non-zero eigenvalue of h. Suppose next that there is another
eigenvalue λ2 of h on D, i.e., λ2 = λ1, λ2 = −λ1. Consider unit sections X1 and X2 of D(λ1) and D(λ2)
respectively. Clearly, ϕXi is then a section of D(−λi).
(a) We start from the Jacobi identity:
0 = [[X1,X2], ϕX2]+ [[X2, ϕX2],X1]+ [[ϕX2,X1],X2]
and we are interested in the ϕX1-component of the right-hand side of this equality.
We look at the first term on the right-hand side:
– by (14) and (15), [X1,X2] belongs to D(λ1) ⊕ D(λ2), and
– [[X1,X2], ϕX2] belongs to D(λ1) ⊕ D(λ2) ⊕ D(−λ2) ⊕ Rξ .
In particular, there is no ϕX1-component in this first term. In a similar way, we see that also the third
term in the right-hand side does not contribute to the ϕX1-component.
As concerns the second term, we note first that [X2, ϕX2] has components in D(λ2), in D(−λ2) and in
Rξ . When taking the bracket with X1, the first two of these components do not lead to a ϕX1-component.
Putting all this together, we find from the above Jacobi identity:
0 = g([[X2, ϕX2],X1], ϕX1)= g([X2, ϕX2], ξ)g([ξ,X1], ϕX1)= 2g([ξ,X1], ϕX1).
(b) Starting next from the Jacobi identity
0 = [[ϕX1, ϕX2],X2]+ [[ϕX2,X2], ϕX1]+ [[X2, ϕX1], ϕX2],
and looking for its X1-component this time, we find in the same way
0 = g([ξ,ϕX1],X1).
(c) We combine these two last results and we use the definition of h to deduce
2λ1 = 2g(hX1,X1) = g
(
(Lξϕ)X1,X1
)
= g([ξ,ϕX1],X1)− g(ϕ[ξ,X1],X1)
= g([ξ,ϕX1],X1)+ g([ξ,X1], ϕX1)
= 0.
This gives a contradiction. Hence, h has precisely two non-zero eigenvalues on D, λ1 and −λ1, with
n-dimensional eigenspaces D(λ1) and D(−λ1). 
Taking Lemma 1 into account, we see that h2 = λ2(I − η ⊗ ξ). The formula (12) then reduces to
(16)(∇Xh)Y = g
(
(h − λ2I )ϕX,Y )ξ + η(Y )(h − λ2I )ϕX + η(X)(kϕY − ϕY )
for all vector fields X and Y , where we have put k = 1 − λ2.
As an immediate corollary of the previous lemma, we have
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Proof. Take two vector fields X,Y ∈ D(λ). Then we calculate, using (6):
g
(
(∇ξh)X,Y
)= g(ϕX − ϕX − ϕh2X,Y ) = kg(ϕX,Y ) + g(X,ϕY ) = g(X,ϕY )
since ϕD(λ) = D(−λ). On the other hand, we have
g
(
(∇ξh)X,Y
)= g(∇ξ (hX),Y )− g(h(∇ξX),Y )
= g(∇ξ (λX),Y )− g(∇ξX,hY )
= ξ(λ)g(X,Y ) = 0.
Hence g(X,ϕY ) = 0 for all X,Y ∈ D(λ) and so D(λ) ⊂ D(λ). Similarly, we have D(−λ) ⊂ D(−λ).
In particular, it holds h = h. 
Next, we prove
Theorem 3. Let (M2n+1;η, ξ,ϕ, g) be a contact metric space which is not K-contact and with η-parallel
tensor h. Then its associated CR-structure is integrable.
Proof. Using (16) and the formulas (3)–(5), we calculate
R(X,Y )hZ = ∇X
(∇Y (hZ))− ∇Y (∇X(hZ))− ∇[X,Y ](hZ)
= ∇X
(
(∇Y h)Z + h(∇YZ)
)− ∇Y ((∇Xh)Z + h(∇XZ))− (∇[X,Y ]h)Z − h(∇[X,Y ]Z)
= hR(X,Y )Z + g((∇Xh)ϕY + (h − λ2I )(∇Xϕ)Y,Z)ξ
+ g((h − λ2I )ϕY,Z)∇Xξ + (∇Xη)(Z)(h − λ2I )ϕY
+ η(Z)((∇Xh)ϕY + (h − λ2I )(∇Xϕ)Y )+ (∇Xη)(Y )(kϕZ − ϕZ)
+ η(Y )(k(∇Xϕ)Z − (∇Xϕ)Z − ϕ(∇X)Z)
− g((∇Y h)ϕX + (h − λ2I )(∇Yϕ)X,Z)ξ
− g((h − λ2I )ϕX,Z)∇Y ξ − (∇Y η)(Z)(h − λ2I )ϕX
− η(Z)((∇Y h)ϕX + (h − λ2I )(∇Yϕ)X)− (∇Y η)(X)(kϕZ − ϕZ)
− η(X)(k(∇Y ϕ)Z − (∇Y ϕ)Z − ϕ(∇Y )Z)
= hR(X,Y )Z + g(η(X)(kY − Y ) − η(Y )(kX − X),Z)ξ
+ η(Z)(η(X)(kY − Y ) − η(Y )(kX − X))
+ g((h − λ2I )((∇Xϕ)Y − (∇Y ϕ)X),Z)ξ
+ η(Z)(h − λ2I )((∇Xϕ)Y − (∇Y ϕ)X)+ g((h − λ2I )ϕX,Z)(ϕY + ϕhY )
− g((h − λ2I )ϕY,Z)(ϕX + ϕhX) + g(ϕY + ϕhY,Z)(h − λ2I )ϕX
− g(ϕX + ϕhX,Z)(h − λ2I )ϕY − 2g(ϕX,Y )(kϕZ − ϕZ)
+ η(Y )(k(∇Xϕ)Z − (∇Xϕ)Z − ϕ(∇X)Z)
(17)− η(X)(k(∇Y ϕ)Z − (∇Y ϕ)Z − ϕ(∇Y )Z).
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(18)g(R(X,Y )hZ, ξ)= g((h − λ2I )((∇Xϕ)Y − (∇Y ϕ)X),Z)
for any vector fields X,Y,Z orthogonal to ξ . We will use this formula in a moment. We will also need
the equality
(19)g((∇Xϕ)ϕY,Z)= g((∇Xϕ)Y,ϕZ)
which holds for vector fields X,Y,Z orthogonal to ξ , based on the basic formulas (1), (2) and (4).
Consider now the formula (7) for vector fields X,Y,Z orthogonal to ξ and use (18) and (19). We
obtain
2λ2g
(
(∇Xϕ)Y,Z
)= 2g((∇h(hX)ϕ)Y,Z)
= g(R(Y,Z)hX, ξ)− g(R(ϕY,ϕZ)hX, ξ)
− g(R(Y,ϕZ)hϕX, ξ)− g(R(ϕY,Z)hϕX, ξ)
= g(h((∇Y ϕ)Z − (∇Zϕ)Y ),X)− λ2g((∇Y ϕ)Z − (∇Zϕ)Y,X)
− g(h((∇ϕY ϕ)ϕZ − (∇ϕZϕ)ϕY ),X)
+ λ2g((∇ϕY ϕ)ϕZ − (∇ϕZϕ)ϕY ,X)
− g(h((∇Y ϕ)ϕZ − (∇ϕZϕ)Y ), ϕX)
+ λ2g((∇Y ϕ)ϕZ − (∇ϕZϕ)Y,ϕX)
− g(h((∇ϕY ϕ)Z − (∇Zϕ)ϕY ), ϕX)
+ λ2g((∇ϕY ϕ)Z − (∇Zϕ)ϕY ,ϕX)
= −2λ2(g((∇Y ϕ)Z,X)− g((∇Zϕ)Y,X)
− g((∇ϕY ϕ)ϕZ,X)+ g((∇ϕZϕ)ϕY ,X))
or
(20)g((∇Xϕ)Y,Z)+ g((∇Yϕ)Z,X)+ g((∇Zϕ)X,Y )= g((∇ϕY ϕ)ϕZ,X)− g((∇ϕZϕ)ϕY,X)
for all vector fields X,Y,Z orthogonal to ξ .
The left-hand side of the above equality is equal, up to a constant factor, to dΦ(X,Y,Z) where Φ is
the two-form given as Φ(X,Y ) = g(X,ϕY ) = dη(X,Y ). Since d2 = 0, (20) reduces to
0 = g((∇ϕY ϕ)ϕZ,X)− g((∇ϕZϕ)ϕY,X).
As this is valid for all vector fields X,Y,Z orthogonal to ξ , this is equivalent to the equality
g
(
(∇Y ϕ)Z,X
)= g((∇Zϕ)Y,X)
for all vectors X,Y,Z orthogonal to ξ . Combining this equality with the skew-symmetry of ∇ϕ, we get
g
(
(∇Y ϕ)Z,X
)= g((∇Zϕ)Y,X)= −g((∇Zϕ)X,Y )
= −g((∇Xϕ)Z,Y )= g((∇Xϕ)Y,Z)
= g((∇Y ϕ)X,Z)= −g((∇Y ϕ)Z,X)
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grable. 
In view of (11), we easily see that a K-contact manifold whose associated CR-structure is integrable
is a Sasakian manifold. We prove next.
Theorem 4. Let (M2n+1; ξ, η,ϕ, g) be a contact metric space which is not K-contact. If the tensor h is
η-parallel, then M is a (k,µ)-space.
Proof. Let (M2n+1; ξ, η,ϕ, g) be a contact metric space which is not K-contact. Suppose that h is η-
parallel. From the previous theorem, we know that its associated CR-structure is integrable. So, using
(7), the expression (17) for the curvature tensor simplifies to
R(X,Y )hZ = hR(X,Y )Z + g(η(X)Y − η(Y )X,hZ)ξ
+ 2kη(Z)(η(X)(Y + hY ) − η(Y )(X + hX))
− k(g(X,ϕZ)ϕhY − g(Y,ϕZ)ϕhX)
− k(g(X,ϕhZ)ϕY − g(Y,ϕhZ)ϕX)
− η(Z)(η(X)Y − η(Y )X)
+ η(X)ϕ(∇Y )Z − η(Y )ϕ(∇X)Z
(21)+ 2g(X,ϕY )(kϕZ − ϕZ).
If we put Z = ξ in (21) and if we use (4), (5) and Lemma 2, we get
(22)h(R(X,Y )ξ + η(X)Y − η(Y )X)= 0
or, equivalently,
(23)R(X,Y )ξ = η(Y )X − η(X)Y.
In particular, R(X,Y )ξ = 0 for all vector fields X,Y orthogonal to ξ . From this and from the expression
(21), we find for Y,Z,U orthogonal to ξ :
0 = g(R(ξ,Y )hZ,ϕU)= g((∇Y )Z,U).
So, also  is η-parallel and we get, for arbitrary vector fields X and Y :
(∇X)Y = (∇XT )Y T + η(Y )(∇XT )ξ + η(X)(∇ξ )Y
= g((∇XT )Y T , ξ)ξ − η(Y )(∇XT ξ) + η(X)(∇ξ )Y
= g((∇XT (Y T ), ξ))ξ + η(Y )(ϕX + ϕhX) + η(X)(∇ξ )Y
= g(Y,ϕX + ϕhX)ξ + η(Y )(ϕX + ϕhX) + η(X)(∇ξ )Y.
We substitute this into (21) and find, using also (23) and Lemma 2:
R(X,Y )hZ − g(R(X,Y )hZ, ξ)ξ = hR(X,Y )(Z − η(Z)ξ)− k(g(X,ϕZ)ϕhY − g(Y,ϕZ)ϕhX)
− k(g(X,ϕhZ)ϕY − g(Y,ϕhZ)ϕX)
(24)+ 2g(X,ϕY )(kϕZ − ϕZ).
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symmetric operators h and  commute by Lemma 2, we can choose an orthonormal basis of eigenvectors.
So let X1, . . . ,Xn ∈ D(λ) be eigenvectors of : Xi = piXi . Using (5), we find
ϕXi = −ϕXi + 2kϕXi = (2k − pi)ϕXi.
Define numbers µi by pi = k + λµi . Then the orthonormal basis {X1, . . . ,Xn, Y1 = ϕX1, . . . , Yn =
ϕXn, ξ} of T M satisfies
ϕXi = Yi, ϕYi = −Xi, ϕξ = 0,
hXi = λXi, hYi = −λYi, hξ = 0,
Xi = (k + λµi)Xi, Yi = (k − λµi)Yi, ξ = 0.
Using (24), we compute for i, j, k, l ∈ {1, . . . , n}:
λg
(
R(Xi,Yj )Xk,Yl
)= g(R(Xi,Yj )hXk,Yl)
= g(hR(Xi,Yj )Xk,Yl)
− k(g(Xi,ϕXk)g(ϕhYj ,Yl) − g(Yj , ϕXk)g(ϕhXi,Yl))
− k(g(Xi,ϕhXk)g(ϕYj , Yl) − g(Yj , ϕhXk)g(ϕXi,Yl))
+ 2g(Xi,ϕYj )
(
kg(ϕXk,Yl) − g(ϕlXk,Yl)
)
= −λg(R(Xi,Yj )Xk,Yl)+ 2kλδkj δil − 2δij(k − (k + λµk))δkl
(25)= −λg(R(Xi,Yj )Xk,Yl)+ 2λ(kδkj δil + µkδij δkl).
Since λ = 0, this gives
g
(
R(Xi,Yj )Xk,Yl
)= (kδkj δil + µkδij δkl).
Using the symmetries of the curvature tensor, we find for i = j :
µj = g
(
R(Xi,Yi)Xj ,Yj
)= g(R(Xj,Yj )Xi, Yi)= µi.
So, all µi are equal, say to µ. Moreover, µ is a constant function. Indeed, for all X orthogonal to ξ and
for all Y,Z ∈ D(λ), we have by η-parallelity of :
0 = g((∇X)Y,Z)= g(∇X(Y ),Z)− g((∇XY ),Z)
= g(∇X((k + λµ)Y ),Z)− g(∇XY, Z) = λX(µ)g(Y,Z).
Hence, X(µ) = 0 for all X orthogonal to ξ . In a similar way as we did when showing that λ is constant,
we find that also ξ(µ) = 0, which proves our claim.
We have found therefore that X = k(X − η(X)ξ) + µhX for all vector fields X where k and µ are
constants. Combining this with (23), this implies
R(X,Y )ξ = (kI + µh)(η(Y )X − η(X)Y )
and M is a (k,µ)-space as claimed. 
As already mentioned in the preliminaries, every three-dimensional contact metric manifold has an
integrable CR-structure. So, in this dimension, we do not have to exclude the K-contact case and we can
formulate quite generally
E. Boeckx, J.T. Cho / Differential Geometry and its Applications 22 (2005) 275–285 285Corollary 5. Let (M3;η, ξ,ϕ, g) be a contact metric space. If the tensor h is η-parallel, then M is a
(k,µ)-space.
According to a result by Tashiro in [12], the standard contact metric structure of the unit tangent sphere
bundle is K-contact if and only if the base manifold is of constant curvature 1. The tangent sphere bundle
is also Sasakian in that case. Also, in [3], the authors proved that the unit tangent sphere bundle T1M is
a (κ,µ)-space if and only if M has constant curvature c with κ = c(2 − c) and µ = −2c. Thus, we have
Corollary 6. For the standard contact metric structure of a unit tangent sphere bundle T1M the tensor h
is η-parallel if and only if M is of constant curvature.
References
[1] D.E. Blair, Contact Manifolds in Riemannian Geometry, Lecture Notes in Math., vol. 509, Springer-Verlag, Berlin, 1976.
[2] D.E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, Progress in Math., Birkhäuser, Boston, 2002.
[3] D.E. Blair, T. Koufogiorgos, B.J. Papantoniou, Contact metric manifolds satisfying a nullity condition, Israel J. Math. 91
(1995) 189–214.
[4] E. Boeckx, A class of locally ϕ-symmetric contact metric spaces, Arch. Math. 72 (1999) 466–472.
[5] E. Boeckx, A full classification of contact (k,µ)-spaces, Illinois J. Math. 44 (2000) 212–219.
[6] J.T. Cho, A class of contact Riemannian manifolds whose associated CR-structures are integrable, Publ. Math. Debrecen 63
(2003) 193–211.
[7] J.T. Cho, Contact Riemannian manifolds whose associated CR-structures are integrable, in: Proceedings of The Seventh
International Workshop on Diff. Geom., vol. 7, 2003, pp. 99–113.
[8] S. Ianus¸, Sulle varietà di Cauchy–Riemann, Rend. Accad. Sci. Fis. Mat. Napoli 39 (1972) 191–195.
[9] Z. Olszak, On contact metric manifolds, Tôhoku Math. J. 31 (1979) 247–253.
[10] T. Takahashi, Sasakian φ-symmetric spaces, Tôhoku Math. J. 29 (1977) 91–113.
[11] S. Tanno, Variational problems on contact Riemannian manifolds, Trans. Amer. Math. Soc. 314 (1989) 349–379.
[12] Y. Tashiro, On contact structures of unit tangent sphere bundles, Tôhoku Math. J. 21 (1969) 117–143.
